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Turbulent Mixed Flow of Free and Forced Convection Between
Vertical Parallel Plates

Cha'o-Kung Chen,* Chen-Ping Chiu,* and Shun-Ching Lee|
National Cheng-Kung University, Tainan, Taiwan, Republic of China

In predicting the fully developed turbulent mixed flow of forced and natural convection, the one-equation model
of turbulence for low Reynolds number flows is adopted. Finite-element solutions are carried out in the upward
turbulent flow between vertical parallel plates at different wall temperatures. In this condition, the aiding and
opposing flows arise simultaneously on the heated and cooled sides, respectively, and a fully developed condition is
established. The solutions with and without the effect of buoyancy force are predicted and the comparisons are
discussed. In these two situations, the mean velocity and temperature profiles, the locations of the maximum
velocity, eddy diffusivities of momentum, Nusselt number, friction factor, and turbulence kinetic energy are
presented. The substantial effects of the buoyancy force are also confirmed.

Nomenclature
A = global coefficient matrix
a = thermal diffusivity
dy = element of global coefficient matrix
aT = eddy diffusivity for heat
8 = global source vector
b = distance between parallel plates
bj = element of global source vector
b + = dimensionless distance between parallel

plates = bu*/v
cp = specific heat at constant pressure
fc — friction factor = 2 tc \/p (u >?
fH = friction factor = 2 i;H\/p <« >^
G + = buoyancy parameter = gf$(TH — Tc)v/u*3

Gr — Grashof number based on temperature
difference = *gp(TH - Tc)b3/v2

g = gravitational acceleration
K = turbulence kinetic energy
K+ = dimensionless turbulence kinetic energy = K/u*2

k = von Karman constant
/ = element length
/1Z) = mixing length in dissipation
^ ID — dimensionless mixing length in

dissipation = /ijDw*/v
£lv = mixing length in diffusivity
£i~v = dimensionless mixing length in

diffusivity = £lvu*/v
Nf = shape function
Nuc = Nusselt number = 4|#|<5/«r>c - rjM
NuH = Nusselt number = 4\q\(b - d)/(TH -
P = turbulence production
Pu = viscous production
P0 = buoyancy production
Pr = Prandtl number
p = real pressure
ps = static pressure
p + = dimensionless pressure = <p>/pw*2

q = heat flux
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= dimensionless heat flux = \q\/pcpu*(TH — Tc)
— Reynolds number = 2<w>£/v
= local turbulent Reynolds number
= dimensionless local turbulent Reynolds number
= temperature
= dimensionless temperature normalized by the

cooled- wall parameter = (T — Tc)pcpu*/\q\
= dimensionless temperature normalized by the

heated-wall parameter = (TH — T)pcpUff/\q\
= time-averaged velocity in the x direction
= dimensionless velocity = u/u*
= friction velocity = ^/\rc\/p
= velocity in y direction
= coordinate in the flow direction
= dimensionless coordinate in the flow

direction = xu*/v
= distance from the cooled wall
= dimensionless distance from the cooled

= correction factor defined by Eq. (40)
= thermal expansion coefficient
= distance from the cooled wall to the maximum

velocity location
= dimensionless distance = du*/v
= turbulent dissipation
= dimensionless temperature = (r - Tc)j(TH - Tc)
= thermal conductivity
= kinematic viscosity
= eddy diffusivity for momentum
= dimensionless eddy diffusivity for

momentum = VT/V
= density
= turbulent Prandtl number
= shear stress

Subscripts
c
H
m
o

= at the cooled wall
= at the heated wall
= momentum
= forced convection

< ) = averaged over the cross section, 0 < y < b
< yc — averaged over the cooled side, 0 < y < 6
( )// — averaged over the heated side, d < y < b
Superscript
+ = normalized by wall parameters
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Introduction

COMBINED forced and natural convection heat transfer
between two vertical parallel plates continues to be an

important problem because of its fundamental nature as well
as its many related engineering applications. In situations
where a great temperature difference in the forced flowfield is
present, the buoyancy force is generated by the density differ-
ence. The influence of buoyancy force on the turbulent trans-
port phenomena of heat and momentum must be considered.

The mixed forced and natural convection between the two
vertical parallel plates may be divided into the following two
kinds of flows. "Aiding" flow refers to the situation in which
the buoyancy force is in the same direction as the forced flow,
and "opposing" flow refers to the opposite situation. The
natures of these two kinds of flows turn out to be intrinsically
different, especially in the distortion pattern of shear-stress
distributions, because of the buoyancy force near the wall.
Brown and Gauvin1'2 investigated the influence of buoyancy
force on the heat-transfer rates and temperature fluctuations
in aiding and opposing flows in a vertical heated tube. Buhr et
al.3 studied the temperature profiles in liquid metals and the
effect of superimposed free convection in turbulent flow. Hall
and Price4 presented the solution of combined forced and free
convection from a vertical heated plate to air. Kenning et al.5
investigated the local reduction in heat transfer resulting from
the effects of buoyancy force in upward turbulent flow.
Tanaka et al.6 presented the effects of buoyancy force and
acceleration owing to thermal expansion on forced turbulent
convection in vertical circular tubes. Generally, the preceding
results indicated that, in the situation of aiding flow, the
temperature distribution along the wall sometimes showed a
local temperature rise because of the local impairment of heat
transfer. However, for opposing flow, heat transfer was pro-
moted and was better than the aiding flow at the same heat
flux. In those flow configurations, however, it is difficult to
clarify the effect of the buoyancy force on the turbulent
transport phenomena since the flows are developing and are
not in a fully developed condition.

Some previous mixed convection analytical approaches as-
sumed that the expressions for the distribution of eddy diffu-
sivities in the forced convection can be applied to mixed
convection by taking into account the temperature depen-
dence of fluid properties. But Khosla et al.7 showed that the
eddy diffusivity models for the forced convection were found
to be inadequate and the buoyancy force had substantial
influence on the turbulent transport process. Nakajima et al.8
suggested that the mixing-length model is useful in turbulent
flow, and the buoyancy effect should be considered together
with the viscous effect in mixed convection flow at low
Reynolds numbers. In order to predict the buoyancy effect on
the turbulent transport process in mixed convection, Naka-
jima et al.8 extended the damping-factor model given by van
Driest.9 But the results of the preceding model can be ob-
tained only for the situation of low Grashof numbers. Tariaka
et al.10 adopted a two-equation model and obtained results for
the situation of high Grashof numbers by using the £ equation
to calculate the mixing lengths. But, a zero temperature
gradient in the direction of gravity was adopted for these
solutions and the effect of buoyancy was neglected.
Townsend11 indicated that the buoyancy production should
exist because of near isotropy in the fully turbulent region.

The current study attempts to examine the influence of the
buoyancy force on transfer of heat and momentum in the
turbulent mixed convection.

Analysis
Governing Equations

The fully developed combined flow between vertical plates
maintained at different temperatures is shown in Fig. 1. The
fluid is flowing upward and the Boussinesq approximation is

Fig. 1 Schematic phenomena of flow and heat transfer with isothermal
walls at unequal temperatures.

used. The momentum and energy equations can be written as
follows:

_ _
4 (2)

where Tc is the cooled wall temperature and dp/dx =
(dpjdx) + pg, where ps is the static pressure. The eddy diffu-
sivities VT and aT for momentum and heat transfer, respec-
tively, appearing in Eqs. (1) and (2) are given as

where Slv =

(3)

- exp( -0.016tfr)], with CD = 0.09 and

(4)

The turbulent Prandtl number GT is assumed to be constant
with the value of 0.85 according to the suggestion by Kader
and Yaglom.12 The fully developed turbulent kinetic energy
equation is modeled phenomenologically by Ng and Spald-
ing13 as

(5)

In the current case of fully developed flow, dT/dx = 0. Based
on the argument of near isotropy in the fully turbulent region,
u'T is approximately equal to v'T'. Also, P should be
constructed of viscous and buoyancy productions, i.e.,
P = Pu + Pe. The viscous production can be expressed by
turbulent stress associated with the deformation of the mean
flow as

d«v
~>) (6)

Similarly, the buoyancy production can be expressed by tur-
bulent heat flux introduced by Townsend11 as

(7)
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The viscous dissipation of turbulent motion s can be ex-
pressed as

K3/2
P - C —— (&fc — ^D /> \°/

t\D

Equation (8) has been used in the balance of K because of
the small and isotropic nature of the dissipation. Here tlD and
tlv are prescribed algebraically by Wolfstein,14 with

(9)

( 10)

to be used in the dissipation. Here RT is the local turbulent
Reynolds number near a wall suggested by van Driest.9 The
modified form used in the present work is

-exp( -0.016 Rf)]

- 0.016*r)]

to be used in the difTusivity and

- exp( ~ 0.2

K1/2y
(11)

and the maximum value of either Slv or tlD is replaced by

A,max=C^ (124)

for the cooled side, and by

A,max = Cl>/4(*-<5) (12b)

for the heated side.
The mixing-length constant km, devised for forced and

mixed convection at low Reynolds numbers by Nakajima et
al.,8 is similar to that proposed by Cebeci.15

km = 0.4[(0.974 - (20.77/d + - 5.48)] (13)

In the region near the heated wall, i.e., 6 < y < b, y and d +

are replaced by b -y and (b + — d+)z = (b% — d £ ) for the
preceding equations where z is the correction factor to nor-
malize the variable by means of the respective wall parameters
of the cooled wall.

The boundary conditions for Eq. (1), (2), and (5) are as
follows:

U=0,

= -//^, T=TcandK = 0
^ dy

T = Tff and K = 0

at y = 0
(14a)

at y =b
(14b)

By introducing the wall parameters at the cooled wall, Eqs.
(1), (2), and (5) are normalized as

-
(16)

where

(17)

(18)
(19)

The boundary conditions become

(20)

(21)

:+=o a t ^ + = o
(22a)

u+=0, 6 = 1 and K+ = 0 a.ty+ =b +

(22b)

Numerical Method of Solution
To formulate a general solution by the finite-element

method, the cubic element with a length t and four nodes is
used. The nodes are denoted by 1,2, 3, and 4, and the nodal
values by u f , 6,, and Kf,i=\, 2, 3, 4. The shape functions,

> ^2(0, #3(0, and JV4(0, can be defined as follows:

N4(-l)=0^(-1) = 1, 7V r
2(-l)=0, 7V3(-1)=0,

^(-i) =0, ^2(-|) = l, ^3(-i)=0,

#1(5) =0, N2® =0, 7V3(i) = l,

AT!(1)=0, N2(l)=0, 7V3(1)=0,

Here ( is the normalized local element coordinate, and the
element is then defined by the range — 1 < C ^ 1.

Thus, the element equations become

« + = £ NjUj
+

K+ =
where

^4(0= ^
Employing the Galerkin weighted-residual approach, Eq. (15)
becomes

ne /•z
1 >

d/V,-
dj +

where ne = total number of elements (36 for the present work
with larger concentrations in the regions near the walls and
the maximum-velocity location; 32, 36, 40, and 44 elements
were used, respectively, in the present calculations and it was
found that 36 elements are sufficient to yield a grid-indepen-
dent solution); 1,7 = 1, 2, 3, 4; ̂  and s2

 are boundaries of the
element. Similarly, Eq. (16) becomes

(24)
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and Eq. (17) becomes 40

(25)

where i, j, k = 1, 2, 3, 4.
Equations (23-25) are then combined into the form of

assembled matrix equations

(26)

(27)

where the chosen form for J is

Each coefficient in the matrix A has the form

fl.. = Y f
i Js

C22

C32

where

c13 = 0, c21=0, c22 = -—— —

c23 = 0, c31 = 0,

Each coefficient in the matrix B has the form

(29)

where

There is a standard procedure to solve the preceding inte-
grations: 1) normalizing the coordinate y + , and 2) using the
Gaussian quadrature. In the present work, a four-Gaussian-
integration sampling-point scheme is used. The initial values
for iterative solution are to set K+ as a constant with the
value of about 3.0 in the equilibrium region. The convergence
tolerance is 10~4.

Reynolds number, Grashof number, Nusselt number, and
friction factor are denned by Eqs. (30-35). Here 6 is the
distance from the cooled wall to the location at which the
velocity has its maximum value. Nusselt number and friction
factor are defined for both sides of the wall, i.e., the cooled
and heated sides, which are bounded by the plane of y =6.

Nu

10

Predicted result

f > f

2x10' Re
10

(28) 10

f
-2

i r i | i i i

Predicted result

f = 0.125Re°'32+0.0014o ________

I_____f 1 ! 1

2x10' Re
Fig. 2 Nusselt number and friction factor for forced convection.

Hence, these dimensionless groups are expressed as

Re r+
=2 u +

Jo

r +
w

+ dv + i 2
Jo jr><

where

9 T =TT

-r Prdy +

i r+
+ dy+ u

i r*+
u+dy+ \

I Cb+
u+dy+

I J6 +

Z —

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)
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Fig. 3 Friction factor and Nusselt number for Pr = 0.7, b+ = 200, and
Re = 5,885 x 103 for forced convection. (• experimental data by Naka-
jima et al.8).

Additionally, the Reynolds number Re is a variable and the
differences among the Re are less than 3%; dp+/dx+ is also
a variable given by

(41)

where

and

for forced convection.

dp+
(42)

Results and Discussion
To establish the relationships between flow, buoyancy influ-

ence, and friction factor or Nusselt number, pure forced
convection must first be examined. The predicted results of
friction factor and Nusselt number, shown in Figs. 2a and 2b
for forced convection, are in good agreement with the familiar
correlations, that is, the formula of McAdams16 for the heat
transfer and that of Drew et al.17 for the friction factor

Nu0 = 0.021 Re°-8 Pr°A

f0 = 0.125 /te-°-32 + 0.0014

(43)

(44)

0.5

0.5 1.0

y/b
Fig. 4 Mean velocity arid temperature profiles.

The predicted results of friction factor and Nusselt number
for mixed flow of forced and natural convection are shown in
Figs. 3a and 3b, respectively. For convenience, the parameter
Gr/Re2 is employed as an indicator for buoyancy force. The
results are plotted in the form of Nu/Nu0 and///0 vs Gr/Re2

and Pr held fixed (Pr = 0.7). On the heated side, the direction
of the buoyancy force is the same as that of the flow.
Accordingly, the stability of flow increases and the turbulent
transfers of momentum and heat are inhibited. The buoyancy
force causes an increase in the friction factor and a decrease in
the Nusselt number. On the cooled side, the buoyancy force
inhibits the flow of fluid. Accordingly, the instability in-
creases, the friction factor decreases, and the Nusselt number
increases. If the buoyancy production is not considered in the
K equation when the buoyancy force is small, that is, Pe = 0,
then the results are the same as those presented by Nakajima
et al.8 However, no reasonable results can be obtained beyond
Gr/Re2 = 0.038, when the buoyancy production Pe is assigned
zero. Thus, the effect of buoyancy production is considered in
the present investigation. In their study on pipe flow, Tanaka
et al.10 found that the boundaries between forced and mixed
convections and between mixed and natural convections can
be defined, respectively, as Nu/Nu0 = Q.8 and 1.0. Because of
the lack of reliable results for the channel flow case, their
result is employed in the present study. From Fig. 3b, it is
seen that the boundary between the forced and mixed convec-
tions is Gr/Re2 = 0.020 and that between the mixed and
natural convections is Gr/Re2 = 0.044.

Figure 3b shows that the comparison between the experi-
mental data as well as the numerical results of Nakajima et
al.8 and the current results is satisfactory. Thus, the turbulent
model used in the present work is valid and can predict the
result in the ranges of mixed convection and natural convec-
tion. The model used by Nakajima et al.8 can only predict the
result in the range of forced convection and cannot predict the
effect of buoyancy force on turbulence kinetic energy. Accord-
ingly, the current model is more effective than that used by
Nakajima et al.8 It can also be seen in Fig. 3b that the
variation of Nusselt number at the cooled side is similar to
that of Tanaka et al.10

The distributions of the mean velocity and temperature for
mixed convection are shown in Fig. 4. When buoyancy pro-
duction is considered, the velocity distributions are steeper for
both regions near the cooled and heated sides, especially in
the region near the heated side. Furthermore, the dimension-
less temperature distribution increases in the region near the
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Fig. 5 Distance from cooled wall to maximum-velocity location.
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Fig. 6 Eddy diffusivities for momentum.

cooled side and decreases in the region near the heated side.
Accordingly, it is flatter in the middle region and more
symmetrical about the middle point.
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Fig. 7 Mean velocity and temperature profiles normalized with wall
parameters.

The distance from the cooled wall to the location of the
maximum velocity is shown in Fig. 5. It is seen from Fig. 5
that for the situation of Pe = 0, the location of maximum
velocity gets closer to the heated wall because of the absence
of intensification of turbulence by the buoyancy force.

The predicted eddy diffusivities for momentum transfer are
plotted in Fig. 6. The results presented by Nakajima et al.8 are
unreasonable, because there is no reason for VT to vanish at
the point with zero velocity gradient. Equation (3) is used to
modify the aforementioned inadequacy in one-equation mod-
els. It can be seen in Fig. 6 that eddy diffusivities increase in
the region near the cooled wall and decrease in the region near
the heated wall as Gr/Re2 increases. However, in the fully
turbulent region, i.e., y/d > 0.2, the buoyancy effect is
significant.

The predicted distributions of velocity and temperature for
mixed convection, normalized by respective wall parameters,
are shown in Fig. 7. As before, the results obtained by
Nakajima et al.8 are not reasonable in the region near the
location of maximum velocity, because T+ and T^ should be
flatter rather than steeper in this region, as shown in Fig. 7.

The distributions of turbulence kinetic energy in the regions
near the walls and in the fully turbulent region are shown in
Figs. 8a and 8b, respectively. The normalizations for the
heated and cooled sides are done with respective wall parame-
ters. It is shown in Fig. 8 that the turbulence kinetic energy
increases in the region near the cooled wall and decreases in
the region near the heated wall as Gr/Re2 increases. The
influence of buoyancy production is not significant in the wall
regions. However, significant buoyancy effects exist in the
fully turbulent region. The buoyancy force causes an increase
in turbulence kinetic energy and eddy diffusivities. The phe-
nomena shown in Figs. 4-6 are thus confirmed.
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Fig. 8 Normalized turbulence kinetic energy a) in the wall regions, and
b) in the fully turbulent region.

Conclusions
In the present work, the influence of buoyancy production

in turbulent combined forced and natural convection is stud-
ied. One-equation models with and without buoyancy produc-
tion are considered in fully developed turbulent transport
between two vertical parallel plates within isothermal walls at
different temperatures.

In opposing flow, in which the buoyancy force is exerted in
a direction opposite to the flow, the Nusselt number with the
inclusion of buoyancy production is lower than that without
considering buoyancy production. In aiding flow, in which the
buoyancy force acts in the flow direction, the variations of
Nusselt number are the reverse of the opposing flow. This
indicates that buoyancy production reduces the difference in
heat transfer between opposing and aiding flows. In the forced
convection region of aiding flow, that is, Nu > 0.87Vw0, the
neglect of buoyancy production is acceptable according to the
experiment by Nakajima et al.8 But in the mixed convection
region of aiding flow, that is, Q.8Nu0 < Nu < Nu0, the viscous
production alone cannot represent the turbulence intensity of

the flowfield. Thus, buoyancy production must be considered
in order to accurately predict the flowfield and the results of
natural convection in the region Nu > Nu0 of aiding flow. In
addition, the friction factor is affected by buoyancy produc-
tion in mixed and natural flows.

All physical phenomena, including velocity profiles, distri-
butions of temperature and turbulence kinetic energy, eddy
diffusitivites for momentum and for heat, are not influenced
significantly by the buoyancy production in the regions near
walls. However, for the fully turbulent region, the influence of
buoyancy production is significant and cannot be neglected,
especially in mixed and natural convection.
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